ABSTRACT. We prove a rectification theorem for enriched ∞-categories: If V is a nice monoidal model category, we show that the homotopy theory of ∞-categories enriched in V is equivalent to the familiar homotopy theory of categories strictly enriched in V. It follows, for example, that ∞-categories enriched in spectra or chain complexes are equivalent to spectral categories and dg-categories. A similar method gives a comparison result for enriched Segal categories, which implies that the homotopy theories of n-categories and (∞, n)-categories defined by iterated ∞-categorical enrichment are equivalent to those of more familiar versions of these objects. In the latter case we also include a direct comparison with complete n-fold Segal spaces. Along the way we prove a rectification result for non-symmetric operad algebras and a comparison result for fibrewise simplicial localizations potentially of independent use. CONTENTS , David Gepner and I set up a general theory of "weakly enriched categories" -more precisely, we introduced a notion of ∞-categories enriched in a monoidal ∞-category, and constructed an ∞-category of these objects where the equivalences are the natural analogue of fully faithful and essentially surjective functors in this context. In this paper we are interested in the situation where the monoidal ∞-category we enrich in can be described by a monoidal model category -this applies to many, if not most, interesting examples of monoidal ∞-categories. If V is a model category, then inverting the weak equivalences W gives an ∞-category V[W −1 ]; if V is a monoidal model category, then V[W −1 ] inherits a monoidal structure, so our theory produces an ∞-category of V[W −1 ]-enriched ∞-categories. On the other hand, there is also often a model structure on ordinary V-enriched categories (cf. [Lur09a, BM12, Sta12b, Mur14] ) where the weak equivalences are the so-called DK-equivalences, namely the functors that are weakly fully faithful (i.e. given by weak equivalences in V on morphism objects), and essentially surjective (up to homotopy). Our main goal in this paper is to prove a rectification theorem in this setting: if V is a nice monoidal model category, then the homotopy theory of ∞-categories enriched in V[W −1 ] is equivalent to the homotopy theory of ordinary V-enriched categories with respect to the DKequivalences.
INTRODUCTION
In [GH13] , David Gepner and I set up a general theory of "weakly enriched categories" -more precisely, we introduced a notion of ∞-categories enriched in a monoidal ∞-category, and constructed an ∞-category of these objects where the equivalences are the natural analogue of fully faithful and essentially surjective functors in this context. In this paper we are interested in the situation where the monoidal ∞-category we enrich in can be described by a monoidal model category -this applies to many, if not most, interesting examples of monoidal ∞-categories. If V is a model category, then inverting the weak equivalences W gives an ∞-category V[W −1 ]; if V is a monoidal model category, then V[W −1 ] inherits a monoidal structure, so our theory produces an ∞-category of V[W −1 ]-enriched ∞-categories. On the other hand, there is also often a model structure on ordinary V-enriched categories (cf. [Lur09a, BM12, Sta12b, Mur14] ) where the weak equivalences are the so-called DK-equivalences, namely the functors that are weakly fully faithful (i.e. given by weak equivalences in V on morphism objects), and essentially surjective (up to homotopy). Our main goal in this paper is to prove a rectification theorem in this setting: if V is a nice monoidal model category, then the homotopy theory of ∞-categories enriched in V[W −1 ] is equivalent to the homotopy theory of ordinary V-enriched categories with respect to the DKequivalences.
In [GH13] we defined enriched ∞-categories in a monoidal ∞-category V as "many-object associative algebras" in V, or more precisely as algebras for a "many-object associative operad" where X is a space. The first step in the proof of our rectification theorem is to show that for X a set and V a nice monoidal model category, the ∞-category Alg op
] is equivalent to the ∞-category obtained by inverting the weakly fully faithful functors in the category Cat X (V) of V-categories with a fixed set of objects X. To see this, we first (in §2) generalize Lurie's rectification theorem for associative algebras (Theorem 4.1.4.4 of [Lur11] ) to algebras for a class of non-symmetric operads by using results of Muro in [Mur11] .
Next, we wish to combine these equivalences to an equivalence of ∞-categories where the sets of objects are allowed to vary. In [GH13] we combined the ∞-categories Alg op X (V) for all spaces X to an ∞-category Alg cat (V) of categorical algebras. Here, we consider the ∞-category Alg cat (V) Set of categorical algebras with sets of objects. We will prove that if V is a nice monoidal model category, then Alg cat (V[W −1 ]) Set is equivalent to the ∞-category obtained from the category Cat(V) of Vcategories by inverting those morphisms that are weakly fully faithful and bijective on sets of objects. To see this we need a technical result about ∞-categorical localizations of fibrations of categories, which we prove in §3.
The "correct" ∞-category of V-∞-categories is not Alg cat (V), but rather the ∞-category obtained from this by inverting the fully faithful and essentially surjective functors. One of the main results of [GH13] was that this is equivalent to the full subcategory Cat V ∞ of Alg cat (V) spanned by those V-∞-categories that are complete in the sense that their space of objects is equivalent to their classifying space of equivalences. We also showed, in [GH13, Theorem 5.2.17], that inverting the fully faithful and essentially surjective morphisms in Alg cat (V) is equivalent to inverting them in Alg cat (V) Set . Since the DK-equivalences in Cat(V), if V is a nice monoidal model category, correspond to the fully faithful and essentially surjective functors in Alg cat (V[W −1 ]) Set , we conclude that the ∞-category obtained from Cat(V) by inverting the DK-equivalences is equivalent to Cat
. We will give the details of the proof we have just sketched in §4, after the technical preliminaries of §2 and §3.
The precise meaning of "nice" required for this theorem applies, for example, to the category of chain complexes over a ring with the usual projective model structure, and certain model structures on symmetric spectra. We can therefore conclude that the ∞-category of spectral categories is equivalent to that of spectral ∞-categories, and the ∞-category of dg-categories to that of ∞-categories enriched in the derived ∞-category of abelian groups.
If V is a nice Cartesian model category, i.e. a monoidal model category with respect to the Cartesian product, then we will see in §5 that a similar proof strategy also gives a comparison between V[W −1 ]-enriched ∞-categories and V-enriched Segal categories, as defined by Lurie [Lur09b] and Simpson [Sim12] . From this we can conclude that the homotopy theories of n-categories and (∞, n)-categories constructed in [GH13, §6.1] using iterated enrichment are equivalent to those constructed as iterated Segal categories, starting with sets or simplicial sets, respectively. These are due to Tamsamani and Pelissier-Hirschowitz-Simpson, and are constructed as model categories in [Sim12] .
We also include, in §6, a direct proof, generalizing the comparison with Segal spaces in [GH13, §4.4], that our homotopy theory of (∞, n)-categories is equivalent to that of Barwick's complete n-fold Segal spaces.
1.1. Notation. Much of this paper is based on work of Lurie in [Lur09a, Lur11] ; we have generally kept his notation and terminology. In particular, by an ∞-category we mean a quasicategory, i.e. a simplicial set satisfying certain horn-filling properties. However, in the few cases where the notation of [GH13] differs from that of Lurie we have kept that of the latter. Here are some hopefully useful reminders:
• Generic categories are generally denoted by single capital bold-face letters (A, B, C) and generic ∞-categories by single caligraphic letters (A, B, C). Specific categories and ∞-categories both get names in the normal text font: thus the category of small V-categories is denoted Cat(V) and the ∞-category of small V-∞-categories is denoted Cat V ∞ .
• A model category is tractable if it is combinatorial and there exists a set of generating cofibrations that consists of morphisms between cofibrant objects.
• Set ∆ is the category of simplicial sets, and Set + ∆ is the category of marked simplicial sets, i.e. simplicial sets equipped with a collection of 1-simplicies including the degenerate ones.
• If C is an ∞-category, we write ιC for the interior or underlying space of C, i.e. the largest subspace of C that is a Kan complex.
• If f : C → D is left adjoint to a functor g : D → C, we will refer to the adjunction as f ⊣ g. Remark 2.4. Let V be a model category equipped with a biclosed monoidal structure whose unit is cofibrant. If f : A → B and g : A ′ → B ′ are morphisms in V, let f g be the induced morphism
Then V is a monoidal model category if and only if f g is a cofibration whenever f and g are both cofibrations, and a trivial cofibration if either f or g is also a weak equivalence. Definition 2.7. Let T be a monad on a model category C. We say that T is an admissible monad if there exists a model structure on the category Alg(T) of T-algebras where a morphism is a weak equivalence or fibration if and only if the underlying morphism in C is a weak equivalence or fibration. Write F T : C ⇄ Alg(T) : U T for the associated adjunction. If C is a combinatorial model category with sets I and J of generating cofibrations and trivial cofibrations, we say that T is combinatorially admissible if it is admissible and the model structure on Alg(T) is combinatorial with F T (I) and F T (J) as sets of generating cofibrations and trivial cofibrations. Remark 2.9. Since weak equivalences in C are closed under retracts and transfinite composites, the weakly saturated class generated by F T (J) will be contained in the weak equivalences provided the pushout of any morphism in F T (J) along any morphism in Alg(T) is a weak equivalence.
In [SS00] , Schwede and Shipley analyze such pushouts in the case of associative algebras. They show that the pushout is a transfinite composite of pushouts of certain maps, and using this they give a condition -the monoid axiom -for the hypothesis of Theorem 2.8 to hold. A similar filtration for algebras over non-symmetric operads has been constructed by Muro: 
such that B = colim t B t and φ t is a pushout of
Remark 2.11. Similar results, in the case of symmetric operads, also appear in the work of Spitzweck [Spi01] and Harper [Har10] .
Definition 2.12. Suppose C is a monoidal model category, and let U be the set of morphisms in C of the form f 1 · · · f n where each f i is either a trivial cofibration or of the form ∅ → X i for some X i ∈ C, with at least one f i being a trivial cofibration. We say that C satisfies the monoid axiom if the weakly saturated class U generated by U is contained in the weak equivalences in C.
Remark 2.13. If C is symmetric monoidal, then the monoid axiom is equivalent to the corresponding statement where U consists of morphisms of the form f ⊗ id X with f a trivial cofibration. This is the original form of the monoid axiom, due to Schwede and Shipley. Proof. By Remark 2.9 it suffices to show that if f : X → Y is a trivial cofibration in C, g : F(X) → A is a morphism in Alg O (C), and
is a pushout diagram in Alg O (C), then f ′ is a weak equivalence in C. By Theorem 2.10, the morphism f ′ is a transfinite composite of pushouts of morphisms φ t that are clearly contained in the class U from Definition 2.12, so f ′ is contained in the weakly saturated closure U. Since C satisfies the monoid axiom, this implies that f ′ is a weak equivalence in C. 
is an equivalence, where W denotes the weak equivalences in C andŴ those in the model structure on Alg O (C). 
The proof is almost the same as that of [Lur11, Lemma 4.1.4.13], but we include it for completeness:
Proof. By [Lur11, Proposition 1.3.4.24, Proposition 1.3.4.25] it suffices to show that the forgetful functor U preserves homotopy colimits indexed by I. Regard the categories Fun(I, Alg O (C)) and Fun(I, C) as model categories equipped with the projective model structures, let C : Fun(I, C) → C and C Alg : Fun(I, Alg O (C)) → Alg O (C) be colimit functors, and let U I : Fun(I, Alg O (C)) → Fun(I, C) be given by composition with U. Since NI is sifted, there is a canonical isomorphism of functors α :
We need to prove that this isomorphism persists after deriving all the relevant functors. Let LC and LC Alg be left derived functors of C and C Alg ; then α induces a natural transformation α : LC • U I → U • LC Alg ; we wish to prove that α is a natural weak equivalence. Let A : I → Alg O (C) be a projectively cofibrant functor; we must show that the natural map
is a weak equivalence in C. Let's call an object X ∈ Fun(I, C) good if (i) the object X(i) is cofibrant in C for all i ∈ I, (ii) the colimit C(X) is cofibrant in C, (iii) the natural map LC(X) → C(X) is a weak equivalence in C, i.e. the colimit of X is also a homotopy colimit.
To complete the proof it suffices to show that U I A is good whenever A is a projectively cofibrant object of Fun(I, Alg O (C)).
We now make the following observations:
(1) Good morphisms are stable under transfinite composition: Given an ordinal α and a direct system of objects {X β } β<α of Fun(I, C) such that for every 0 < β < α the map colim{X γ } γ<β → X β is good, then the induced map X 0 → X := colim{X β } β<α is good. The only non-obvious point is to show that the object X is good. For this we observe that X is a homotopy colimit of the system {X β } by (ii) and C(X) is a homotopy colimit of {C(X β )} by (iii), and recall that homotopy colimit diagrams are stable under homotopy colimits.
(2) Suppose
is a pushout diagram in Fun(I, C) such that f is good and the object X ′ is good. Then f ′ is also good: Again the only non-obvious point is to show the object Y ′ is good. The hypotheses imply that the diagram is a homotopy pushout square, and similarly By assumption the model category C is left proper and tractable, which implies that the projective model structure on Fun(I, C) is also tractable. Using the small object argument this implies that for every projectively cofibrant object A ∈ Fun(I, Alg O (C)) there exists a transfinite sequence
where f is a projective cofibration between projectively cofibrant objects of Fun(I, C).
By (b) and (8) to prove that U I (A) is good it suffices to prove that U I (A α ) is good. We will show by transfinite induction that for each γ ≤ β ≤ α the induced morphism 
and since B 0 = U(B ′ ) is good, applying (2) inductively it suffices to prove that ψ t is good. It is clear that an arbitrary coproduct of good morphisms is good, so by (3), (6) and (7) to see this it suffices to show that each morphism k S i is good, which is true since this is either f , which is good by (4), or ∅ → B ′ , which is good since B ′ is good. 
where U ′ is the composite of the forgetful functor
and the functor U 2 : Fun(NO
given by evaluation at the (essentially unique) object of NO
. (In other words, U 2 is i * where i : * → NO
is the inclusion of the object.) Then we observe: 
FIBREWISE LOCALIZATION
Suppose we have a functor of ordinary categories F : C → Cat together with a collection W C of weak equivalences in each category F(C) that is preserved by the functors F( f ). Then we have two ways to construct an ∞-category over C where these weak equivalences are inverted: On the one hand we can invert the weak equivalences in each category
C ], which corresponds to a coCartesian fibration E → C. On the other hand, if E → C is a Grothendieck opfibration corresponding to F then there is a natural collection W of weak equivalences in E induced by those in the fibres, and we can invert these to get an ∞-category E[W −1 ]. Our main goal in this section is to prove that in this situation the natural map E[W −1 ] → E is an equivalence of ∞-categories.
We will do this in two steps: in §3.1 we show that the ∞-category E here is a fibrant replacement in the coCartesian model structure on (Set + ∆ ) /NC for NE marked by the edges in W, then in §3.2 we use an explicit model for E[W −1 ] to show that this, equipped with a natural choice of marked edges, is also weakly equivalent to (NE, W). In addition, we prove in §3.3 that when the weak equivalences in each category F(C) come from a (combinatorial) model structure, then there is a (combinatorial) model structure on E whose weak equivalences are the morphisms in W.
3.1. The Relative Nerve. Recall that a relative category is a category C equipped with a collection of "weak equivalences", i.e. a subcategory W containing all objects and isomorphisms. Write RelCat for the obvious category of relative categories; this has been studied as a model for the theory of (∞, 1)-categories by Barwick and Kan [BK12] . The usual nerve functor from categories to simplicial sets extends to a functor L : RelCat → Set (ii) Construct a Grothendieck opfibration E → C associated to F, regarded as a functor to categories, and write S for the collection of 1-simplices in NE that correspond to composites of (fibrewise) weak equivalences and coCartesian morphisms. Then find a fibrant replacement in (Set + ∆ ) /NC for (NE, S) → NC. Our main goal in this subsection is to prove that these give weakly equivalent objects. We begin by reviewing the definition of the functor N + C : Definition 3.1. Let C be a category. Given a functor F : C → Set ∆ , we define N C F to be the simplicial set characterized by the property that a morphism ∆ I → N C F, where I is a partially ordered set, is determined by:
(1) a functor σ : I → C, (2) for every non-empty subset J ⊆ I with maximal element j, a map τ J :
such that for all subsets K ⊆ J ⊆ I with maximal elements k ∈ K and j ∈ J, the diagram
commutes. This defines a functor
The functor N C has a left adjoint, which we denote
Proof. We must show that there is a natural isomorphism Hom(NE, N C (-)) ∼ = Hom(O π , -); we will do this by defining explicit natural transformations
Given X : C → Set ∆ and a natural transformation η : O π → X, define φ(η) : NE → N C X to be the morphism that sends a simplex σ : ∆ I → NE (which we can identify with a functor I → E) to the simplex of N C X determined by
• the composite functor I → E → C, • for J ⊆ I with maximal element j, the composite
Conversely, given a map G : NE → N C X of simplicial sets over NC, let ψ(G) be the natural transformation O π → X determined as follows: for C ∈ C, the morphism ψ(G) C : NE /C → X(C) sends a simplex σ : ∆ I → NE /C , where I has maximal element i, to the composite
• τ is the I-simplex determined by the image under G of the I-simplex σ ′ of NE underlying σ,
this defines a map of simplicial sets NE /C → X(C), and it is also easy to see that ψ(G) is natural in C.
Both φ and ψ are obviously natural in X, and expanding out the definitions we see that φψ = id and ψφ = id, so we have the required natural isomorphism. Definition 3.3. Let C be a category. Given a functor F : C → Set + ∆ we define N + C F to be the marked simplicial set (N C F, M) where F is the underlying functor C → Set ∆ of F, and M is the set of edges
This determines a functor N 
Proof. We must show that there is a natural isomorphism Recall that if C is an ∞-category we write C ♮ for the marked simplicial set given by C marked by the equivalences, and that if E → NC is a coCartesian fibration we write E ♮ for the object of (Set + ∆ ) /NC given by E marked by the coCartesian morphisms. Lemma 3.7. Let F : C → Cat be a functor. Write π : E → C for the Grothendieck opfibration associated to F, so that E has objects pairs (C ∈ C, X ∈ F(C)) and a morphism ( 
It is clear from the definition of N C that there is a natural isomorphism between n-simplices of N C (NF) and n-simplices of NE, which proves (i). By definition, an edge of N
Under the identification with edges of NE, such edges precisely correspond to the coCartesian edges. This proves (ii). 
C is a Quillen equivalence, so since NF ♮ 0 is fibrant and every object of (Set
Let M ′ C be the set of edges of NE /C corresponding to weak equivalences in F(C). Then we have a pushout diagram
since both vertical maps are pushouts along
is a weak equivalence. By Corollary 3.4 we can identify F
is therefore marked anodyne, since the edges in M ′′ C are precisely the composites of edges in M C and M ′ C . In particular this is also a weak equivalence, and so by the 2-out-of-3 property the map F
is a weak equivalence, as required.
Corollary 3.9. Given F : C → RelCat, let LF → F be a fibrant replacement in the projective model structure on Fun(C, Set
C is a Quillen equivalence, so since F is fibrant and every object of (Set Using Lemma 3.7 we can equivalently state this as: Corollary 3.10. Given F : C → RelCat, suppose π : E → C is a Grothendieck opfibration corresponding to the underlying functor C → Cat. Let M be the set of morphisms f :
3.2. The Hammock Localization. Consider a functor F : C → RelCat, and let π : E → C be an opfibration associated to the underlying functor C → Cat. Our main goal in this subsection is to prove that inverting the collection W of fibrewise weak equivalences in E gives a coCartesian fibration E[W −1 ] → C. As a corollary, we will also see that E[W −1 ] is the total space of the coCartesian fibration associated to the functor obtained from F by inverting the weak equivalences in the relative categories F(C). We will prove this result by analyzing an explicit model for E[W −1 ] as a simplicial category, namely the hammock localization. We begin by recalling the definition of this, specifically the version defined in [DHKS04, §35] , and its basic properties:
The zig-zag category ZZ is the category with objects zig-zag types and morphisms Z → Z ′ given by
If Z is a zig-zag type, the associated zig-zag category |Z| is the category with objects 0, . . . , n and
This clearly gives a functor |-| : ZZ → Cat. If n is an odd integer, we abbreviate
and if n is an even integer we abbreviate
Definition 3.12. Suppose (C, W) is a relative category. For x, y ∈ C and Z ∈ ZZ we define L W C Z (x, y) to be the subcategory of Fun(|Z|, C) whose objects are the functors F : |Z| → C such that
, and whose morphisms are the natural transformations η :
This construction gives a functor ZZ op → Cat; we let L W C(x, y) → ZZ be the fibration associated to it by the Grothendieck construction. Using concatenation of zig-zags we get a strict 2-category L W C with the same objects as C and with mapping categories L W C(x, y); taking nerves, this gives a simplicial category L W C whose mapping spaces are L W C(x, y) := NL W C(x, y). This simplicial category is the hammock localization of (C, W). 
Proof. We must show that for every ∞-category D, the induced map
is a weak equivalence of simplicial sets. Observe that
, where NW → NW denotes a fibrant replacement in the usual model structure on simplicial sets, so this is equivalent to requiring NW NW NC NL W C to be a homotopy pushout square. Theorem 3.13(i) implies that
is a homotopy pushout square, since N is a right Quillen equivalence and all the objects are fibrant. By Theorem 3.13(ii) we also have that NW → NL W W is a fibrant replacement in the usual model structure on simplicial sets, so the result follows.
We now fix a functor F : C → RelCat, and let π : E → C be a Grothendieck opfibration associated to the underlying functor C → Cat. We say a morphism f : X → Y in E lying over f : A → B in C is a weak equivalence if f is an isomorphism and f ! X → F is a weak equivalence in F(B); write W for the subcategory of E whose morphisms are the weak equivalences. Our goal is to show that the nerve of L W E → C is (equivalent to) a coCartesian fibration. To prove this we need a technical hypothesis on the relative categories F(C): Definition 3.15. A relative category (C, W) satisfies the two-out-of-three property if given morphisms r : A → B and s : B → C such that two out of r, s, s • r are in W, then so is the third. Definition 3.16. We say that a relative category C = (C, W) is a partial model category if C satisfies the two-out-of-three property and C admits a three-arrow calculus, i.e. there exist subcategories
there exists a functorial zig-zag
with v ′ ∈ V such that gv ′ = vg ′ and v ′ is an isomorphism if v is, (iii) every map w ∈ W admits a functorial factorization w = vu with u ∈ U and v ∈ V. 
given by composition with a coCartesian morphism φ : X → φ ! X is a weak equivalence of simplicial sets.
Proof. It is easy to see that E is also a partial model category. It therefore follows from Theorem 3.18 that the maps
Since composition with φ gives a functor
it therefore suffices to prove that this gives a weak equivalence upon taking nerves. We will prove this in two steps. Let L 1 denote the full subcategory of L spanned by objects
We will show that both of these functors induces a weak equivalence of nerves.
Z is the coCartesian factorization of g (which exists since the other maps lie over id B ). Then it is clear that q f ≃ id and f q ≃ id, so f is an equivalence of categories.
Next we want to define a functor p : L → L 1 . Given a zig-zag
← − B where γ and β are isomorphisms, since weak equivalences in E map to isomorphisms in C. Thus the coCartesian maps
! B ′ are isomorphisms, and our zig-zag is isomorphic to the zig-zag
To define p we may therefore assume that β and γ are identities, in which case p sends
After composing with the inclusion .3] to prove that NL W E → NC is equivalent to coCartesian fibration it suffices to show that for each morphism f : C → D in C and each X in E C we have a homotopy pullback square of simplicial sets
for all B ∈ C and Y ∈ E B , where f : X → f ! X denotes a coCartesian morphism in E over f . Since the inclusion of a point in a discrete simplicial set is a Kan fibration and the model structure on simplicial sets is right proper, given g : D → B the fibres at {g} and {g • f } in this diagram are homotopy fibres. To see that the diagram is a homotopy pullback square it thus suffices to show that composition with f induces a weak equivalence
the diagonal morphisms are both weak equivalences, hence by the 2-out-of-3 property so is the horizontal morphism. 
Proof. By Theorem 3.20, there exists a coCartesian fibration
that is a weak equivalence in Set
The map φ is also a weak equivalence when regarded as a morphism in the over-category model structure on (Set
be the adjunction where p ! is the identity on the underlying marked simplicial sets, and p * forgets the marked edges that do not lie over isomorphisms in C. If we equip (Set 
as both vertical maps are pushouts along 3.3. Total Space Model Structures. As before we consider a functor F : C → RelCat and let E → C be an opfibration associated to F. Although not strictly necessary for the applications we are interested in below, in this subsection we show that if the functor F is obtained from a suitable functor from C to the category of combinatorial model categories, then the relative category structure on E considered above also comes from a combinatorial model category. F(i(α) ) for all α ∈ I, where g α is the canonical morphism i(α) → X. We say a right Quillen presheaf F on an accessible category C is accessible if there exists a cardinal κ such that C and F are κ-accessible. Remark 3.26. This model category structure is a particular case of that constructed by Roig [Roi94] (and corrected by Stanculescu [Sta12a] ), though he does not consider the combinatorial case. We include a proof for completeness.
Proposition 3.24. Suppose C is a complete and cocomplete category and F is a right Quillen presheaf on C. Let π : E → C be the Grothendieck fibration corresponding to F. Then there exists a model structure on E such that a morphism φ : X → Y with image f : A → B in C is (W) a weak equivalence if and only if f is an isomorphism in C and the morphism f ! X → Y is a weak equivalence in F(b). (F) a fibration if and only if X → f * Y is a fibration in F(a). (C) a cofibration if and only if f ! X → Y is a cofibration in F(b). Moreover, if C is a presentable category and F is an accessible and combinatorial right Quillen presheaf, then this model structure on E is combinatorial.
Proof. Limits in E are computed by first taking Cartesian pullbacks to the fibre over the limit of the projection of the diagram to C, and then taking the limit in that fibre. Since all the fibres E B have limits, it is therefore clear that E has limits. Similarly, since each functor φ * for φ in C has a left adjoint, and each of the fibres E B has all colimits, it is clear that E has colimits.
To show that E is a model category we must now prove that the weak equivalences satisfy the 2-out-of-3 property, and the cofibrations and trivial fibrations, as well as the trivial cofibrations and fibrations, form weak factorization systems. We check the 2-out-of-3 property first: Suppose we have morphisms f : X → Y and g : Y → Z in E lying over f : A → B and g : B → C in C. If two out of the three morphisms f , g and g f are weak equivalences, it is clear that f and g must be isomorphisms. Thus g ! is an isomorphism of model categories, and g ! f ! X → g ! Y is a weak equivalence in E C if and only if f ! X → Y is a weak equivalence in E B . Combining this with the 2-out-of-3 property for weak equivalences in E C gives the 2-out-of-3 property for E.
We now prove that the cofibrations and trivial fibrations form a weak factorization system:
(1) Any morphism has a factorization as a cofibration followed by a trivial fibration: 
we must show there exists a lift Y → X ′ . Since g is a trivial fibration, g is an isomorphism. Pulling back along g −1 and pushing forward along gα = β f and β gives a diagram 
and projecting this down to C we see that g must be an isomorphism. Thus g is a trivial fibration in E. The proof that trivial cofibrations and fibrations form a weak factorization system is dual to that for cofibrations and trivial fibrations, so we omit the details. This completes the proof that E is a model category. Now suppose the right Quillen presheaf F is combinatorial and accessible. It follows from [MP89, Theorem 5.3.4] that the category E is accessible, and the functor π is accessible, thus E is a presentable category since we already proved that it has small colimits.
Let κ be a cardinal such that C is κ-accessible and E X is κ-accessible for each κ-compact object X in C. For X ∈ C, let I X and J X be sets of generating cofibrations and trivial cofibrations for E X . Let I and J be the unions of I X and J X , respectively, over all κ-compact objects X ∈ C; then I and J are sets.
Suppose a morphism f : X → Y, lying over f : A → B in C, has the right lifting property with respect to the morphisms in J; then X → f * Y is a fibration in E A : To see this let K → C, α → A α , be a κ-filtered diagram of κ-compact objects with colimit A, and let γ α : A α → A be the canonical morphism. Then γ * α X → γ * α f * Y has the right lifting property with respect to a set of generating trivial cofibrations in E A α , and hence this is a fibration in E A α . Since the right Quillen presheaf F is κ-accessible, this implies that X → f * Y is a fibration in E A . This means f is a fibration in E, so J is a set of generating trivial cofibrations.
Similarly, if f has the right lifting property with respect to the morphisms in I, then X → f * Y is a trivial fibration in E A . To find a set of generating cofibrations we consider also the set I ′ of morphisms ∅ ∅ → ∅ C and ∅ C∐C → ∅ C where C is a κ-compact object of C and ∅ C denotes the initial object of E C . We claim that if f : X → Y in E, with image f : A → B in C, has the right lifting property with respect to the morphisms in I ′ , then f is an isomorphism in C. To prove this it suffices to show that for every object C ∈ C the map f * : Hom C (C, A ′ ) → Hom C (C, B ′ ) induced by composition with f is a bijection; since C is κ-presentable it is enough to prove this for C a κ-compact object. Since f has the right lifting property with respect to ∅ ∅ → ∅ C and every morphism C → B induces a morphism ∅ C → Y, there exists a lift in the diagram
for every map C → B; this shows that f * is surjective. Moreover, given two morphisms C → A such that the composites C → B are equal, we get a lift in the diagram
since f has the right lifting property with respect to ∅ C∐C → ∅ C ; thus the two morphisms C → A must be equal and so f * is injective. It follows that if a morphism in E has the right lifting property with respect to the union I ∐ I ′ then it is a trivial fibration, so I ∐ I ′ is a set of generating cofibrations for E. Hence E is a combinatorial model category.
Remark 3.27. Let F be a right Quillen presheaf on a category C, and let E → C be an opfibration associated to the underlying functor to categories. Write G for the associated "left Quillen presheaf" obtained by passing to left adjoints, and let G cof : C → RelCat be the functor to relative categories obtained by restricting to cofibrant objects. Then the full subcategory E cof of cofibrant objects in E, with the model structure defined above, is the total space of the opfibration associated to G cof , and the weak equivalences in E cof are precisely those considered above.
RECTIFYING ENRICHED ∞-CATEGORIES
Our goal in this section is to prove the main result of this paper: the homotopy theory of categories enriched in a nice monoidal model category V (with respect to the DK-equivalences) is equivalent to the homotopy theory of ∞-categories enriched in the monoidal ∞-category V[W −1 ]. We will do this in three steps: (1) We first apply the results of §2 to get an equivalence between the ∞-category obtained by inverting the weakly fully faithful morphisms in the category Cat X (V) of V-categories with a fixed set of objects X and the ∞-category Alg op 
is an equivalence.
We will prove this by comparing monads, as in the proof of Theorem 2.15. To do this, we first apply the results of §2 to deduce the following:
Lemma 4.2. If V is a left proper tractable biclosed monoidal model category satisfying the monoid axiom and X is a set, then there is a combinatorial model category structure on the category Cat X (V) such that a morphism is a fibration or weak equivalence if and only if its image in Fun(X × X, V) is. Moreover, if I is a small category such that NI is sifted then the forgetful functor
preserves NI-indexed colimits, where W X denotes the class of natural transformations that are weak equivalences objectwise.
Proof. Recall that if V is a biclosed monoidal category and X is a set then there is a monoidal structure on Fun(X × X, V), given by
such that an associative algebra object in Fun(X × X, V) is precisely a V-category with objects X. By [Mur11, Proposition 10.3], if V is a monoidal model category satisfying the monoid axiom, then so is Fun(X × X, V). Applying Corollary 2.14 and Lemma 2.16 to Fun(X × X, V) equipped with this monoidal structure then implies the result.
Proof of Proposition 4.1. This follows by exactly the same argument as that in the proof of Theorem 2.15, since the free associative algebra monad on Fun(X × X, V) is the same as the free For the second step, let us first define the class of maps in Cat(V) that we will invert: The weakly fully faithful functors that are bijective on objects are clearly not the right weak equivalences between V-categories -just as for ordinary categories the equivalences are the functors that are fully faithful and essentially surjective, here they should be the functors that are weakly fully faithful and essentially surjective up to homotopy, in the following sense: Definition 4.6. Let V be a monoidal model category. Then the projection V → hV to the homotopy category is a monoidal functor; this therefore induces a functor Cat(V) → Cat(hV). A functor of Vcategories is homotopically essentially surjective if its image in Cat(hV) is essentially surjective, and a DK-equivalence if it is weakly fully faithful and homotopically essentially surjective (or equivalently if it induces an equivalence of hV-categories). We write DK for the class of DK-equivalences in Cat(V). Remark 4.9. Under the hypotheses of Theorem 4.8 there is a model structure on the category Cat(V) whose weak equivalences are the DK-equivalences -the construction of Muro [Mur14] requires slightly weaker hypotheses on V than our theorem. Thus we have shown that Cat Example 4.10. The stable model structure on the category Sp Σ of symmetric spectra, as described in [HSS00] , satisfies the hypotheses of Theorem 4.8. The associated monoidal ∞-category is the ∞-category of spectra with the smash product monoidal structure. Thus we have an equivalence
between spectral categories and spectral ∞-categories. HR and Mod HR of connective modules and all modules over the EilenbergMacLane ring spectrum HR, respectively.) Thus we have equivalences
, between ∞-categories of (two versions of) dg-categories and the appropriate corresponding enriched ∞-categories.
COMPARISON WITH SEGAL CATEGORIES
Segal categories are a model for the theory of (∞, 1)-categories where composition is only associative up to coherent homotopy, inspired by Segal's model of A ∞ -spaces. They first appeared in papers of Schwänzl and Vogt [SV92] and Dwyer, Kan, and Smith [DKS89] , though not with this name; they were later rediscovered by Hirschowitz and Simpson [HS98] , who used them as a model for (∞, n)-categories. A generalization to Segal categories enriched in a Cartesian model category (i.e. a monoidal model category where the tensor product is the Cartesian product) was first given by Lurie [Lur09b] , and later extensively studied by Simpson [Sim12] . In this section we will show that, for V a nice Cartesian model category with weak equivalences W, the homotopy theory of Segal categories enriched in V is equivalent to that of ∞-categories enriched in V[W −1 ]. We will first carry out the comparison in the case of a fixed set of objects, and then apply the results of §3 to prove the general comparison. (x 0 , . . . , x n ) → (x i , x i+1 ) is a weak equivalence. We say the Segal category C is fibrant if the objects C(x 0 , . . . , x n ) in V are fibrant for all x 0 , . . . , x n ∈ S, and strictly unital if the objects C(x) are final objects in V for all x ∈ S.
Remark 5.2. We can regard V-categories as those Segal categories where the Segal morphisms are isomorphisms, rather than just weak equivalences.
We can describe fibrant Segal categories with a fixed set S of objects as the fibrant objects in a Bousfield localization of the projective model structure on Fun( 
..,x n ),! A for all (x 0 , . . . , x n ) in S and all A in a set of objects that generates V under colimits. We write Precat S (V) Seg for the category Precat S (V) equipped with this model structure.
Under mild hypotheses these two model categories in the fixed-objects case are equivalent: 
Proof. It is obvious that u * is a right Quillen functor, so this is a Quillen adjunction. Since u * is fully faithful, the counit u ! u * F → F is an isomorphism in Precat S (V) for all F. By [Sim12, Lemma 14.2.1] the functor u ! only changes the values of a functor at the constant sequences (x, . . . , x) for x ∈ S, in which case u ! F is given by forming the pushout
where σ : (x) → (x, . . . , x) is the map over the unique map s :
is a monomorphism. By assumption it is therefore a cofibration, and so as V is left proper, the map
is a weak equivalence if F(x) → * is a weak equivalence. Thus F → u * u ! F is a levelwise weak equivalence if the map F(x) → * is a weak equivalence in V for every x ∈ S. Since every object of Fun( op S , V) Seg is weakly equivalent to one for which this is true, it is clear that the adjunction u ! ⊣ u * gives an equivalence of homotopy categories, and so is a Quillen equivalence.
Next, we will compare the ∞-category associated to Fun( Having dealt with the fixed-objects case, we will now allow the set of objects to vary: Proof. This is immediate from Proposition 3.24. 
The weak equivalences in Seg Fun (V) are difficult to describe in general; however, a morphism f : C → D between fibrant objects, i.e. Segal categories, is a weak equivalence if and only if it is bijective on objects and a levelwise weak equivalence -in fact, given the Segal conditions, it suffices for f to give a weak equivalence C(x, y) → D( f x, f y) for all objects x, y in C. To obtain the correct homotopy theory we clearly also need to invert the morphisms that are fully faithful and essentially surjective in the appropriate sense: This definition extends to give a notion of weak equivalence in Seg Fun (V), and similarly in Precat(V); we will refer to these as Segal equivalences, and denote the class of them as SE (in both Seg Fun (V) and Precat(V)). There are three model structures on Precat(V) with the Segal equivalences as weak equivalences, namely the projective, injective, and Reedy model structures, constructed in [Sim12] .
The Segal equivalences between Segal categories clearly correspond to the fully faithful and essentially surjective functors between categorical algebras, so we get the following: 
are given by the Cartesian product, the equivalence between them is automatically an equivalence of symmetric monoidal ∞-categories, hence induces an equivalence Cat
, etc. By induction we thus get a sequence of equivalences
Example 5.19. If we take V to be the category Set ∆ of simplicial sets, with the usual model structure, we get an equivalence
where the left-hand side is the ∞-category of the (∞, n)-categories of Pelissier-Hirschowitz-Simpson and the right-hand side is the ∞-category of (∞, n)-categories defined by iterated ∞-categorical enrichment.
Example 5.20. We would like to take V to be the category Set of sets, equipped with the trivial model structure, but of course this does not satisfy the hypothesis that cofibrations are monomorphisms. We therefore need to consider instead a model category M, Quillen equivalent to Set, that does satisfy the hypotheses of the theorem. For example, following [Sim12, §22.1] we can let M be an appropriate localization of the Reedy model structure on Precat 2 ( * ), or we can take M to be the Bousfield localization of the usual model structure on Set ∆ with respect to the morphisms ∂∆ n → ∆ 0 for all n ≥ 2. We then get an equivalence
where the left-hand side is the ∞-category of Tamsamani's n-categories and the right-hand side is the ∞-category of n-categories defined by iterated ∞-categorical enrichment.
COMPARISON WITH ITERATED SEGAL SPACES
We saw in the previous section that the ∞-category Cat (∞,n) of (∞, n)-categories, obtained by iterated enrichment, is equivalent to that associated to the model category of n-fold Segal categories, which is another model for the homotopy theory of (∞, n)-categories. Since this model is known to satisfy the axioms of Barwick and Schommer-Pries [BSP11] , it follows that Cat (∞,n) is equivalent to all the usual models for (∞, n)-categories. However, this comparison was somewhat indirect. Our goal in this section is to give a more direct comparison between Cat (∞,n) and another established model of (∞, n)-categories, namely the iterated Segal spaces of Barwick [Bar05] .
We will deduce this comparison from a slightly more general result: we will prove that if X is an absolute distributor, in the sense of [Lur09b], then categorical algebras in X are equivalent to Segal spaces in X, and complete categorical algebras are equivalent to complete Segal spaces. We begin with a brief review of the notion of distributor: that Y ∈ Y, and let π : O → Y be the functor given by evaluation at 1 ∈ ∆ 1 . Since X admits pullbacks, the evaluation-at-1 functor Fun(∆ 1 , X) → X is a Cartesian fibration, hence so is π.
∞ be a functor that classifies π. Then χ preserves small limits. Definition 6.2. An absolute distributor is a presentable ∞-category X such that the unique colimitpreserving functor S → X that sends * to the final object is fully faithful, and S ⊆ X is a distributor. Now we can recall the definition of a Segal space in an absolute distributor: Definition 6.3. Suppose C is an ∞-category with finite limits. A category object in C is a simplicial object F : op → C such that for each n the map
induced by the inclusions {i, i + 1} ֒→ [n] and {i} ֒→ [n] is an equivalence. Definition 6.4. Let X be an absolute distributor. A Segal space in X is a category object F : op 
Our goal is now to prove the following: Lemma 6.7. Suppose X is an absolute distributor. Then for every space X ∈ S, the map
that sends a functor F : X → X to its colimit is an equivalence of ∞-categories.
Proof. Let ξ : X → X be the constant functor at the final object * ∈ S ⊆ X. Since X is a space, a functor F : X → X sends every morphism in X to an equivalence in X, and so the unique natural transformation F → ξ is Cartesian.
Write ξ : X ⊲ → X for a colimit diagram extending ξ. Then γ X factors as
where φ 2 is given by evaluation at the cone point. The functor φ 1 gives an equivalence between Fun(X, X) /ξ and the full subcategory E 1 of Fun(X ⊲ , X) /ξ spanned by the colimit diagrams. On the other hand, the restriction of φ 2 to the full subcategory E 2 spanned by the Cartesian natural transformations to ξ is also clearly an equivalence. By Proposition 6.6 the subcategories E 1 and E 2 coincide, and so the composite γ X is indeed an equivalence. Proof. By [GH13, Proposition A.1.5] the ∞-category Fun(O F , X) is equivalent to the ∞-category of sections of the Cartesian fibration E → O whose fibre at X ∈ O is Fun(F(X), X). Since X is an absolute distributor, by Lemma 6.7 the ∞-category E is equivalent over O to the total space E ′ of the Cartesian fibration associated to the functor sending X to X /F(X) . Then E ′ is the pullback along F of the Cartesian fibration Fun(∆ 1 , X) → X given by evaluation at 1, so we have an equivalence between the ∞-category is also a colimit of this diagram if and only if F is a op S -monoid. There is a natural transformation (S ×(n+1) ) ⊲ → Fun(∆ 1 , X) that sends ξ ∈ S ×(n+1) to F(ξ) → ξ and ∞ to (π ! F)
→ S ×(n+1) . Since X is an absolute distributor, by Proposition 6.6 the colimit is (π ! F) Seg [n] if and only if this natural transformation is Cartesian. Since S ×(n+1) is a space, this is equivalent to the square
being a pullback square for all ξ, so we are reduced to showing that the fibre of (π ! F)
at ξ is F(ξ) if and only if F is a By [GH13, Lemma A.1.6] it is clear that ev [0] : Seg(X) → S is a Cartesian fibration, and the functor Φ preserves Cartesian morphisms by Proposition 6.6. It thus suffices to prove that for each S ∈ S the functor on fibres Mon op S (X) → Seg(X) S is an equivalence, which is the content of Corollary 6.12.
Our goal is now to deduce that the equivalence of Theorem 6.5 induces an equivalence between complete categorical algebras and complete Segal spaces. We will first review the definition of the latter: Definition 6.13. Write Gpd(S) for the full subcategory of Seg(S) spanned by the groupoid objects, i.e. the simplicial objects X such that for every partition [n] = S ∪ S ′ where S ∩ S ′ consists of a single element, the diagram
is a pullback square. Let X be an absolute distributor, and let Λ : X → S denote the right adjoint to the inclusion S ֒→ X. The inclusion Gpd(S) ֒→ Seg(S) ֒→ Seg(X) admits a right adjoint ι : Seg(X) → Gpd(S), which is the composite of the functor Λ : Seg(X) → Seg(S) induced by Λ, and ι : Seg(S) → Gpd(S). We say a Segal space F : op → X is complete if the groupoid object ιF is constant.
Remark 6.14. By [GH13, Lemma 5. Proof. It is clear that E n X ∈ Alg cat (X) corresponds to E n ∈ Seg(X) under this equivalence. Both sides are therefore the localization with respect to E 1 → E 0 .
Definition 6.19. By [Lur09b, Corollary 1.3.4], if X is an absolute distributor, then CSS(X) is also an absolute distributor. We therefore have absolute distributors CSS n (X) of n-fold complete Segal spaces in X.
Applying Theorem 6.18 inductively, we get: Corollary 6.20. Let X be an absolute distributor. Then Cat X (∞,n) ≃ CSS n (X).
In particular, taking X to be the ∞-category S of spaces, we obtain the desired comparison with iterated Segal spaces:
Corollary 6.21. There is an equivalence Cat (∞,n) ≃ CSS n (S).
